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Reinforcement Learning

state space

At each time step t, an agent experiences a state s(t) ∈ S. 

e.g. 
A snapshot of the current game board. 
Number of passengers and taxis at different locations in a city.



Reinforcement Learning

action space

At each time step t, an agent takes an action a(t), chosen from 
some feasible set A(t). 

e.g. 
possible moves in a board game.



Reinforcement Learning

reward

One time step later, in part as a consequence of its action, the 
agent receives a reward Rt+1 and find it self in a new state.

The next state (at time t+1) is a (probabilistic) function of the current state and action 
taken: s(t+1) ~ σ(a(t), s(t)).



Reinforcement Learning

https://www.deepmind.com/learning-resources/introduction-to-reinforcement-learning-with-david-silver

Rewards: -1 per time-step

Actions: N, E, S, W

States: Agent’s location



Markov Reward Processes
A Markov chain can be represented with a transition matrix. For a Markov state s and 
successor state s’, the state transition probability is defined by

State transition matrix defines transition probabilities from all states s to all 
successor states s’



Student Markov Chain Transition Matrix

https://www.deepmind.com/learning-resources/introduction-to-reinforcement-learning-with-david-silver



Markov Reward Processes

https://www.deepmind.com/learning-resources/introduction-to-reinforcement-learning-with-david-silver

<latexit sha1_base64="MFieFH30JVABKsJLTrZdo9pm6bc="></latexit>

R is a reward function
<latexit sha1_base64="Ki5cSAwZB7qgSouFUGdDKSnObuY="></latexit>

Rs = E[Rt+1 | St = s]

<latexit sha1_base64="PCHLq5sPer6ZEwTJVcYthsFfr9g="></latexit>� is a discount factor
<latexit sha1_base64="S1DlI8FZuWbiLi8PbNXDt2K+jMo="></latexit>

� 2 [0, 1]



Markov Reward Processes
Return: total Discounted reward from time-step t

<latexit sha1_base64="jhXpCxINJSKPGriliQ927BhLblI="></latexit>

Gt = Rt+1 + �Rt+2 + . . . =
1X

k=0

�kRt+k+1

close to 0 leads to “myopic” evaluation

close to 1 leads to “far-sighted” evaluation

<latexit sha1_base64="PCHLq5sPer6ZEwTJVcYthsFfr9g="></latexit>�

<latexit sha1_base64="PCHLq5sPer6ZEwTJVcYthsFfr9g="></latexit>�

The state value function v(s) of an MRP is the expected return starting from state s

<latexit sha1_base64="pYsmP6hUhp8UpcxIlgTU4gLXRh4="></latexit>

v(s) = E[Gt | St = s]



Markov Reward Processes

Sample returns for Student MRP

Starting from S1 = C1 with γ = 0.5



Markov Reward Processes



Markov Decision Processes

Markov reward process with decisions.

<latexit sha1_base64="0BnLd4+KL8P5dpK1gA0O4h68joc="></latexit>

A is a finite set of actions
<latexit sha1_base64="PmrbKSC4cxQOHqI3/KNW/0c/ZPo="></latexit>

Pa
ss0 = P[St+1 = s0 | St = s,At = a]

<latexit sha1_base64="VlEDT6KVPQEXC8Bog9/1MvOcxt0="></latexit>

Ra
s = E[Rt+1 | St = s,At = a]

A policy π is a distribution over actions given states.
<latexit sha1_base64="0TBfvAYlBA1ctvDYVsD4ldPI/7c="></latexit>

⇡(a | s) = P[At = a | St = s]



Markov Decision Processes
The state-value function vπ(s) of an MDP is the expected return starting from state s, 
and then following policy π.

The action-value function qπ(s, a) is the expected return starting from state s, taking 
action a, and then following policy π.

<latexit sha1_base64="JFWQtLOfHbBhNRAb4UZrI9n0FEE="></latexit>

v⇡(s) = E⇡[Gt | St = s]

<latexit sha1_base64="FcSLD9HQzlh7NUghofh6Qfu7Ads="></latexit>

q⇡(s, a) = E⇡[Gt | St = s,At = a]



Bellman Optimality Equation
The optimal value functions are recursively related by the Bellman optimality 
equations:

<latexit sha1_base64="PnCJ07Ay6Yv9yp3pz2f6hwS98zc="></latexit>

v⇤(s) = max
a

q⇤(s, a)

<latexit sha1_base64="W1XX4lvjd9xDC/bT1iVjuUFgs20="></latexit>
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Outline
• Representation of Board (deep 

convolutional neural networks, CNN)

• Imitating expert moves (supervised 
learning)

• Predicting the wining possibility 
given a board configuration 
(reinforcement learning)

• Select a move, more wisely (Monte 
Carlo tree search)

Policy network (SL)

Value network

Deterministic MDP
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• Representation of Board (deep 
convolutional neural networks, CNN)



• Imitating expert moves (supervised 
learning)

Initializing policy



• Predicting the wining possibility 
given a board configuration 
(reinforcement learning)

fitted value iteration algorithm



• Predicting the wining possibility 
given a board configuration 
(reinforcement learning)

Prediction
Model

f: s-> v(s) v(s)

1(win)/0(lose)



• Predicting the wining possibility 
given a board configuration 
(reinforcement learning)

Prediction
Model

f: s-> v(s) v(s)

1(win)/0(lose)

(S, Z) — training pair (x,y)
“29,400,000 positions from 160,000 games 
played by KGS 6 to 9 dan human players”
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Overfitting, Training error rate 0.19, Test error rate 0.37



• Predicting the wining possibility 
given a board configuration 
(reinforcement learning)

(S, Z) — training pair (x,y) — self play?

Supervised Learning policy (SL policy)



• Predicting the wining possibility 
given a board configuration 
(reinforcement learning)

(S, Z) — training pair (x,y) — Better policy?

Reinforcement Learning policy (SL policy)

better policy better estimation of the value

policy gradient



• Predicting the wining possibility 
given a board configuration 
(reinforcement learning)

ver. 0 = Supervised Learning policy (SL policy)

Policy Network  ver.0 vs Policy Network  ver.0 Win/loss

……
Policy Network  ver. 

200 vs Policy Network  ver.153 Win/loss

Policy Network  ver. 
201 vs Policy Network  ver.78 Win/loss

……
Policy Network  ver. 

20000 vs Policy Network  ver.
12531 Win/loss



• Predicting the wining possibility 
given a board configuration 
(reinforcement learning)

policy gradient

win z = 1

lose z = -1

Update



• Predicting the wining possibility 
given a board configuration 
(reinforcement learning)

Policy Network  ver. 
20000

Reinforcement Learning policy (RL policy)

“a new self-play data set consisting of 
30,000,000 positions, each sampled from a 
separate game”
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• Select a move, more wisely (Monte 
Carlo tree search)



Infinite Monkey Theorem


