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Foundations
COMP3314 — Lecture 2



What is probability?

P(head) = 50%

Frequentist Bayesian

events (repeated trails) uncertainty (ignorance)



Probability
Joint probability: If A and B are independent events:

Probability of a union of two events: If the events are mutually exclusive:

Conditional probability: Conditional independence:



Random Variables
X represents some unknown quantity of interest

We call it a random variable if the value of X is unknown and/or could change.

uniform distribution
degenerate distribution 

(delta function)

probability mass function (pmf):



Continuous Random Variables

cumulative distribution function (cdf) probability density function (pdf)



Sets of Related Random Variables

marginal distribution conditional distribution

chain rule



Moments of a Distribution
Mean of a distribution

Linearity of expectation

Variance of a distribution

assuming some random variable with mean = 0



Moments of a Distribution
Mode of a distribution

conditional moments

law of total (iterated) expectation



Limitations of Summary Statistics

Anscombe’s Quartet: E[x] = 9, V[x] = 11, E[y] = 7.50, V[y]= 4.125



https://www.youtube.com/watch?v=HZGCoVF3YvM


Bayes’ rule

prior distribution — what we know about possible values of H before we see any data

observation distribution — possible outcomes Y we expect to see if H =h

likelihood — evaluate the observation distribution at a point corresponding to the actual observations, y

marginal likelihood

posterior — our new belief state about the possible value of H



Bernoulli Distribution



Binomial Distribution

N = 5 (N Bernoulli trials), s = 4 (total number of heads)



Binomial Distribution

<latexit sha1_base64="HwkqQbOrKMNS4bPIC8and9avMPM="></latexit>

N = 10, ✓ = 0.25
<latexit sha1_base64="mLf8gj25emG8LMbWs4+HEeYCG2o="></latexit>

N = 10, ✓ = 0.9



A Simple Question?

What’s the probability of head up?         P(Heads)

0.8?



A Simple Question?
<latexit sha1_base64="CWDAtvDsCCaBl/7jVhX3eYTWOP8="></latexit>

P (Heads) = ✓
<latexit sha1_base64="qmXQCBEMWcwGFG/8eRfeB9xCc+k="></latexit>

P (Tails) = 1� ✓
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D = {head, head, head, head, tail}



Maximum Likelihood Estimation
MLE: Choose           that maximizes the probability of observed data
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@ logP (D | ✓)
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= 0

Set derivative to zero



Maximum Likelihood Estimation
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Set derivative to zero
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Maximum Likelihood Estimation
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4 + 1
= 0.8

If you flip the coin 5000 times, get 4000 times head
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If you flip the coin 5 times, get 4 times head



Maximum Likelihood Estimation
MLE: Choose           that maximizes the probability of observed data
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Bayesian Learning
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likelihood prior
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Bayesian Learning
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Beta Distribution
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prior distribution
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Bayesian Learning
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posterior distribution
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Estimating Parameters
MLE: Maximum Likelihood Estimate, choose         that maximizes the probability of 
observed data
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MAP: Maximum a Posteriori, choose        that is most probable given 
prior probability and the data
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Sigmoid (logistic) function

We want this to be an unconstrained function 

sigmoid (logistic) function           helps:  

one type of “activation” in neural nets!



Categorical and Multinomial Distributions
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C = 3

one-hot vector 

categorical distribution

multinomial distribution

rolling a C-sided dice N times, s to be a vector that counts the number of times each face shows up 



Softmax function

We want this to be an unconstrained function 

softmax function helps:  

T is the temperature for the softmax



Recap: Supervised Learning in a Nutshell

inputs/features/covariates/predictors outputs/label/target/response

<latexit sha1_base64="C226ss1N7+Q9zPQuE1iUiWYDI/M="></latexit>
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training objective/loss

model

training dataset



Recap: Supervised Learning in a Nutshell
Happy or sad?

<latexit sha1_base64="472HhptYoFlXpw3t+Z+TTv2ss1o="></latexit>

y = 0, 1

<latexit sha1_base64="51gh0c/TC9gqvYwq6IU8hfpjsw8="></latexit>

x = {0, 1, 0, 1, 0}

homework restaurant exam game weather
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Recap: Supervised Learning in a Nutshell
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The machine, is learning!



Recap: Supervised Learning in a Nutshell
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multinomial, HMMs…

Gradient Descent, SGD, Adam …



Recap: Supervised Learning in a Nutshell


