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Binary Logistic Regression

p(y|z; 0) = Ber(ylo(w' x + b)) I

sigmoid function
(map into 0~1)

1 -6 —4 2 0 2

e a: logit

p(y =1|z;0) = o(a) =

sigmoid function



Linear Classifiers

fx) =1(p(y =1|x) > p(y = O[x)) =1 (10g

a=w x+b
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Nonlinear Classifiers

D
flz;0)=b+w'x = b—|—dea:d
d=1

preprocessing the inputs / transform the feature vector

¢(x1,x0) = [1,x%,$§] say w = [—R?,1,1]

wehave w' ¢(x) = 25 + 25 — R?
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Training Objective

D = {(@n,Yn) In=1
training dataset

p(D|0) = ply, | z1) x plyy | x2) x...x ply, | x,)

Why’s that?

iid — independent and identically distributed random variables

H = arg m@axP(D 1 0)




Maximum Likelihood Estimation

p(D | H) R argmein[— log P(D | 6)
1 1.
NLL(w) = — log p(D|w) = — log H Ber (yn | tr) negative log likelihood
n=1

= S " H(yn, pn) H(p, q) = — [plogq + (1 — p)log(1 — q)]

n=1 binary cross entropy



Maximum Likelihood Estimation

MLE: Choose 6 that maximizes the probability of observed data
H = arg max P(D | 0)

= arg max log P(D | 6)

Set derivative to zero

Olog P(D | ) ~,
00 '

What if this is too difficult to compute?

more general way?



Gradient Descent

VeL(6) |o,

0
v t+1 — v t — Tt VQ L (9 ) ‘ @, nhegative gradient (descent direction)

step size
(learning rate)



Global / Local Optimum
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Convex Function

We say f is a convex function if its epigraph (the set of points above the function, illustrated in
Figure 8.4a) defines a convex set. Equivalently, a function f(x) is called convex if it is defined on a
convex set and if, for any x,y € §, and for any 0 < A < 1, we have

fOx+ (1= Ny) < Af(x)+ (1-N)f(y) (8.7)

)

Y-axis value that fell
between the domain
fromx andy

Straight line between (x, f(x)) and \— M
(y, f(y)) as a function of A




Gradient Descent

fog in the mountains

0 t+1 — 0 t — Tt VQ L (9 ) | @, nhegative gradient (descent direction)

step size
(learning rate)



Optimizing the Objective

VwNLL(w) = g(w) =0 [ hievffvii“t?;?if
feature values
HH‘l 975 ntve‘c( )‘Ht | hetre. (+1/l-1)
1 . .
V NLL N Z — textbook 10.2.3.3 for a detailed derivation
n=1

bn = 0o(a,) — p(y=1|=x)

arg méin[— log P(D | 0)] . arg mein L(6)

Optimization:
The core problem in machine learning is parameter estimation (aka model fitting).

This requires solving an optimization problem, where we try to find the values for a set of variables,
0E0, that minimize a scalar-valued loss function or cost function, L(0).



Optimizing the Objective

VwNLL(w) = g(w) =0

N
1
V NLL N Z — textbook 10.2.3.3 for a detailed derivation

n=1

,U!nza'(afn) —ply=1|x)

gradient weights each input ¥, by its error, and then average the results

batch approach — takes into consideration all the training examples



Stochastic Gradient Descent

NLL(w) = ]1, D [ynlog pin + (1 — yn) log(1 — 1))

n=1

N
Vo NLL(w) = %Z o = 0 (an) — p(y

n=1

stochastic gradient descent: use a mini batch of size 1

Wi — Wt — ntiNLL('wt) — Wt — Ut(ﬂn — yn)mn




Perceptron Algorithm

stochastic gradient descent:

Wit = Wy — N Vo NLL(wy) = wp — 9 (tn — Yn)Tn, pn = o(a,) — ply=1]x)

perceptron algorithm:

f(@n;0) =1 (w'z, +b>0)
Wi41 = Wt — nt(:‘)n — yn)mn

replace the soft probabilities u,, = p(y, = 1|x,) with hard labels ¢, = f(x,)



Overfitting
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Overfitting

Reduce Overfitting:
Do not let the weight to grow too big

Add regularizer to the objective function as penalty

' Standardization

Tnd — fbd

standardize(z,q) =

L(w) = NLL(w) + )\HwH%

L2 regularization / weight decay



Overfitting
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Figure 10.6: Weight decay with variance C' applied to two-class, two-dimensional logistic regression problem

with a degree 4 polynomial. (a) C = 1. (b) C = 316. (c) C = 100,000. (d) Train and test error vs C.

Generated by code at figures.probml.ai/book1/10.6.

L(w) = NLL(w) + Al|w]]
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Recap: Bayesian Learning

PO | D) =

posterior

arg max PO | D) = arg max P(D)

= arg max P(D | 0)P(6)

PN

P(D | 0)

likelihood



Overfitting

£(w) — NLL('w) T )\H’ng Guassian:
MLE: 1 B 'IJ*—;;}"
| flz) = e 27
p(D | 9) , arg mein[— log P(D ‘ 9)] o/ 27
MAP: Laplace:
p(H | D) o arg ngin[—[logp(H) + log p(D | 6)]] f(z|p,b) = %exP(_“”;“")

/

VwPNLL(w) = g(w) + 2w




Regularizers and Sparsity

N AN

w = argmin|Aw —y|/3 w = argmin|[Aw —y|3
W W

subject to ||w|; < 7 subject to ||w|5 < T



Maximum Entropy Classifiers

multinomial logistic regression

exp(wiz)  exp(w

— W) = —
Py =ceW) = Zwa) ~ SC_ exp(wla)

softmax function



Handling Large Number of Classes

Using regular softmax function, when the number of classes, C
increases, computational cost to compute H increases

To facilitate this, we can use hierarchy softmax

Context C
The idea behind decomposing the output layer to a binary tree was

to reduce the complexity to obtain probability distribution

0.57_—~"

p(w| C)

“*What” “I'm” “Horse” “Why" “Huh” “No” “Yes”




Handling Imbalance Class

More attention on more ‘common’ dataset
Less attention on ‘rare’ dataset

Approach
Resample the data — Oversample / Undersample




Linear Regression

Linear Regression
p(ylz, 0) = N (y|lwy + w'z, 0?) 0 = (wo, w, c?)
Logistic Regression

p(y|x; 0) = Ber(y|o(w'z + b))

If input is 1-D, simple linear regression
flz;w) =ax +b

If input is N-D/output is N-D, multiple/multivariate linear regression

J

plylz, W) = HN(yjlw}rw.U?)
j=1



Linear Regression

p(y|z,0) = N(ylw' ¢(x),0?)
qb(a:) = [1, X, 562, Cee s :Cd] Polynomial Regression ¢() Feature Extractor
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Linear Regression

s degree 1

10 - o ® 4
.
.

s
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1 o 1 1 1
RSS(w) = - ;(yn —wian)t =5l Xw -yl = ;(Xw —y) (Xw-y)  MSE(w) = -RSS(w)

residual sum of squares mean squared error



Linear Regression

degree 1
15 T 2
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Optimization

N
1 1
RSS(w — g —w' iUn §HX"~U — yH% = §(Xw — y)T(X’w —vy)
n=1

DO

VwRSS(w) = X' Xw — X'y Gradient Descent

(v, — Wxx1)2

X
. (Vs — Wxxs)2



Ridge / Lasso Regression

Ridge Regression (MAP derivation)

1
Wpap = argmin ﬁ(y — Xw)' (y — Xw) A W w

= argmin RSS(w) + \||w||3

Lasso Regression (Loss function derivation)

PNLL(w) = —log p(D|w) — log p(w|A) = [|[Xw — y|[5 + A||w||:

“Z



Lasso Regression

PNLL(w) = — log p(D|w) — logp(w|\) = || Xw — yl|5 + A||w]|1

Ridge allows parameters to be small but cannot reach zero.

Lasso allow parameters to be exactly zero.

This is useful because it can be used to perform feature selection,
where the weight of certain features can be zero.




O-norm

General Equation

D
1
Jwllg = () |wal?)'/
d=1
L0 Regularization L1 Regularization L2 Regularization
o A D D
|wllo = ZH(|'lt'd| > 0) Hle = S:d—] ‘U--’d‘ w|s 2 \Z g2 = Vol w
d=1 =

Elastic Net — Lasso + Ridge

L(w, A1, A2) = ||y — Xwl|* + Aao[w][5 + Ai[|w]];

“elastic net” regularization
(Zou and Hastie, 2005; Friedman et al., 2008)



Example — Cancer Data

Term

Intercept
Icavol
Iweight

age

Ilbph
svi

lcp

gleason

pgg45

Test MSE

Least Squares

2.452
0.705
0.292
-0.142
0.211
0.307
-0.276
-0.012
0.262

0.547

Least Square — Worst
Ridge — weight is smaller but won’t reach zero, better than LS
Lasso — some features’ weight are zero; features eliminated

Elastic Net - Best

Ridge

2.452

0.552

0.278

-0.091

0.193

0.269

-0.102

0.025

0.177

0.511

Lasso

2.3520

0.5710

0.2290

0.0000

0.1050

0.1710

0.0000

0.0000

0.0653

0.4820

Elastic Net

2.423

0.611

0.212

0.000

0.054

0.121

0.000

0.000

0.021

0.450



Learning Linear Models

General training setup:
We observe a collection of examples.
Perform statistical analysis to discover  from the data.

Ranges from “count and normalize” to complex optimization routines.

Optimization view:

W = arg min Z L(W; Xn, Yn) + Q(w)

regularlzer

empirical loss



