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Machine Learning (Today)
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training objective/loss

model

training dataset

Supervised Learning Zero-shot / In-Context Learning



Testing the Upper Limits of Reasoning Ability

<latexit sha1_base64="gfu7eefilm0rtPrwEnLieutIr0g="></latexit>x
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Xueliang Zhao et al., 2023, 2024; https://www.arxiv.org/pdf/2408.11172; https://arxiv.org/abs/2305.16366

SubgoalXL 
successfully solves 41 
AMC12, 9 AIME, and 3 
IMO problems from 
miniF2F. achieves a 
new state-of-the-art 
performance of 56.1% 
in Isabelle on the 
standard miniF2F 
dataset



Why not every AI is that powerful?

What can I help you with?

Play a good song.

Sorry, I couldn’t find ‘a good 
song’ in your music.

You need to do a better job 
understanding me.

Noted.

Yeah, make a note of that.

Here’s your note:

of that



Demystify — what’s inside?

1950s - early 1990s

Symbolic NLP

1990s - 2010s 2010s - present

Statistical NLP Neural NLP



What is NLP? Wait, what is language?
The abstraction of the real world — different languages take you to different worlds!

餃⼦ dumplings

CX 844
Hong Kong -> New York

嗩吶

CX 596
Hong Kong -> Osaka

チャルメラ

Something that makes 
sharp long voice, like 
screaming???



Do AI “understand”? Let’s play a game!

The cat is thrown out of the

This year, I am going to do an internship in 

Majoring in computer science, this year, I am going to do an internship in 

door, window, dog 

Queen Mary Hospital, HSBC, Google, Amazon

Queen Mary Hospital, HSBC, Google, Amazon



Shannon Game

Claude Elwood Shannon  
(April 30, 1916 – February 24, 2001)

Information Theory; Entropy



Language models, and how to build it.

Dice, and how do we roll them 
(probabilistic model)

Transformers, neural networks and many others 
(powerful functions, and inside configurations)



Generative Language Model

I am going to do an internship in Google



Making the dice
Belief

bag of words 
(@Carnegie Mellon University)

Google

Evidence
Reason
Claim
Think
Justify
Also

Therefore

Vocabulary

…

1
2
3
4
5
6
7

99
100



Generative Language Model

I

I



Generative Language Model

am

amI



Generative Language Model

going

am goingI



Generative Language Model

am going to do an internship in GoogleI

Google



Neuralize the dice!

3Blue1Brown



Neural Networks (e.g. Transformers)



Generative Language Model

am going to do an internship in GoogleI

Google



Language models, and how to build it.

Dice, and how do we roll them 
(probabilistic model)

Transformers, neural networks and many others 
(powerful functions)

<latexit sha1_base64="rkG9V+z2xxefut/jrMqLPZVY38I="></latexit>

p(x) =
Y

i

p(xi|x<i)

Learn

Parameterize



First problem — the language modeling problem
Given a finite vocabulary

We have an infinite set of strings, 
<latexit sha1_base64="Uc/gTLBgbV5P0Hq2cHUwtRJ859s="></latexit>

V†

<s> I am going to an internship in Google </s> 
<s> an internship in Google </s>
<s> I am going going </s>
<s> Google is am </s>
<s> internship is going </s>

<latexit sha1_base64="kjRuj7eA6WNonFiTO4YDlcJ5BYk="></latexit>

V = {belief, evidence, reason, claim, . . .Google, therefore}

Can we learn a “model” for this “generative process”? We need to “learn” a 
probability distribution:

<latexit sha1_base64="373hR//TPjAqvHcBosq7DU3M5Ic="></latexit> P
x2V†

p(x) = 1, p(x) � 0 for all x 2 V†
Learn from what we’ve seen

<latexit sha1_base64="ML1fVDsUgcIAg8SCJbxozLhFJ+s="></latexit>

p(x1, x2, . . . xn)
<latexit sha1_base64="yNdPGs2o/74h51w1n5ZMI+E6Dqo="></latexit>

p(xi | xi�1, xi�2, . . . x1)

Formally:



The Language Modeling Problem
Given a training sample of example sentences, we need to “learn” a probabilistic 
model that assigns probabilities to every possible string:

p(<s> I am going to an internship in Google </s>) = 10-12

p(<s> an internship in Google </s>) = 10-8

p(<s> I am going going </s>) = 10-15

…

<latexit sha1_base64="373hR//TPjAqvHcBosq7DU3M5Ic="></latexit> P
x2V†

p(x) = 1, p(x) � 0 for all x 2 V†

It is a probability distribution p over strings, i.e., p is a function that satisfies



0

The Language Modeling Problem

<s> I am Sam </s>

<s> Sam I am </s>

<s> I do not like green eggs and ham </s>

Training Corpus

P(<s> I am </s>) = 0

P(<s> green Sam </s>) = 0P(<s> I am Sam </s>) = 1/3

P(<s> Sam I am </s>) = 1/3

P(<s> I do not like green eggs and ham </s>) = 1/3

Naïve Model

Is this a good model?



The Language Modeling Problem

<s> I am Sam </s>

<s> Sam I am </s>

<s> I do not like green eggs and ham </s>

Training Corpus

P(I | <s>) = 2/3

The probability of the word “<s>” followed by the word “I”:



The Language Modeling Problem

<s> I am Sam </s>

<s> Sam I am </s>

<s> I do not like green eggs and ham </s>

Training Corpus

Naïve Model

P(I | <s>) = 2/3

P(</s> | Sam) = 1/2



The Language Modeling Problem

<s> I am Sam </s>

<s> Sam I am </s>

<s> I do not like green eggs and ham </s>

Training Corpus

Naïve Model

P(I | <s>) = 2/3

P(</s> | Sam) = 1/2

P(am | I) = ?



The Language Modeling Problem

<s> I am Sam </s>

<s> Sam I am </s>

<s> I do not like green eggs and ham </s>

Training Corpus

Naïve Model

P(I | <s>) = 2/3

P(</s> | Sam) = 1/2

P(am | I) = 2/3



The Language Modeling Problem

<s> I am Sam </s>

<s> Sam I am </s>

<s> I do not like green eggs and ham </s>

Training Corpus

Bi-gram Model

P(<s> Sam I am </s>) = P(Sam | <s>) * P(I | Sam) * P(am | I) * P(</s> | am)



Course Logistics



Course Logistics

https://nlp.cs.hku.hk/comp7607-fall2024

Website:

Prerequisites:

COMP3314 or COMP3340, MATH1853

We will assume a lot things from Machine Learning, Statistics, and Programming

This NLP course will be very difficult if you haven’t taken these courses.

Assessment:
50% continuous assessment, 50% final project

TA:
Qington Li (https://qtli.github.io/), Qiushi Sun (https://qiushisun.github.io/)

https://nlp.cs.hku.hk/comp7607-fall2024


Course Logistics
We will assume a lot things from Machine Learning, Statistics, and Programming

Random variables, joint probability, conditional 
probability, Bayes’ theorem …

Supervised learning, unsupervised learning, regression, 
classification, loss function, neural networks, 
regularization …

Data structures, dynamic programming, time/space 
complexity …

(COMP3314)



Course Logistics

https://web.stanford.edu/~jurafsky/slp3/

Textbook recommendation (J&M):

Assessments (in total ~3):

Programming problems

Problem sets

Honor code:

You are free to form study groups and discuss homeworks 
and projects. However, you must write up homeworks and 
code from scratch independently, and you must 
acknowledge in your submission all the students you 
discussed with.

0



What’s Next?

N-Gram Models, Hidden Markov Models … 
LSTMs, Recurrent Neural Networks, MLP, 
Transformers …

BERT, GPT-3, Word2vec, Glove, T5 …



What is probability?

P(head) = 50%

Frequentist Bayesian

events (repeated trails) uncertainty (ignorance)



Probability
Joint probability: If A and B are independent events:

Probability of a union of two events: If the events are mutually exclusive:

Conditional probability: Conditional independence:



Probability

https://medium.com/budding-data-scientist/data-analytics-using-python-part-2-d55715e5c1f9



Random Variables
X represents some unknown quantity of interest

We call it a random variable if the value of X is unknown and/or could change.

uniform distribution
degenerate distribution 

(delta function)

probability mass function (pmf):



Continuous Random Variables

cumulative distribution function (cdf) probability density function (pdf)



Sets of Related Random Variables

marginal distribution conditional distribution

chain rule



Bayes’ rule

prior distribution — what we know about possible values of H before we see any data

observation distribution — possible outcomes Y we expect to see if H =h

likelihood — evaluate the observation distribution at a point corresponding to the actual observations, y

marginal likelihood

posterior — our new belief state about the possible value of H



A Simple Question?

What’s the probability of head up?         P(Heads)

0.8?



A Simple Question?
<latexit sha1_base64="CWDAtvDsCCaBl/7jVhX3eYTWOP8="></latexit>

P (Heads) = ✓
<latexit sha1_base64="qmXQCBEMWcwGFG/8eRfeB9xCc+k="></latexit>

P (Tails) = 1� ✓
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<latexit sha1_base64="x63hEk2Ebshx4NFJKnEEfL2X+Cs="></latexit>↵Ttotal number of heads total number of tails
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P (D|✓) = P (↵H ,↵T | ✓) = ✓↵H (1� ✓)↵T

<latexit sha1_base64="eiBopMGF+OBXV/4ZOh4G2igwel8="></latexit>

D = {head, head, head, head, tail}



Maximum Likelihood Estimation
MLE: Choose           that maximizes the probability of observed data

<latexit sha1_base64="G2i0CEPTETUyr2g+gOyVlUoV9gA="></latexit>
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= argmax
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P (D | ✓)
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= argmax
✓

logP (D | ✓)
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@ logP (D | ✓)
@✓

= 0

Set derivative to zero



Maximum Likelihood Estimation

<latexit sha1_base64="YOv8i1c2nygZ99ZPKJKW4QYUrpU="></latexit>

@ logP (D | ✓)
@✓

= 0

Set derivative to zero

<latexit sha1_base64="7c7aVNTze6X7D8wkhGjdym52+8Y="></latexit>

@ log ✓↵H (1� ✓)↵T

@✓
= 0

<latexit sha1_base64="N1xytdGMccQBSxmOOGKUnyaDlOk="></latexit>

✓̂MLE =
↵H

↵H + ↵T
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=
4

4 + 1
= 0.8



Maximum Likelihood Estimation

<latexit sha1_base64="N1xytdGMccQBSxmOOGKUnyaDlOk="></latexit>

✓̂MLE =
↵H

↵H + ↵T

<latexit sha1_base64="vuMV3Hy9C6O27KwLofYioiwQR9k="></latexit>

=
4

4 + 1
= 0.8

If you flip the coin 5000 times, get 4000 times head

<latexit sha1_base64="N1xytdGMccQBSxmOOGKUnyaDlOk="></latexit>

✓̂MLE =
↵H

↵H + ↵T

<latexit sha1_base64="AdfxScUpf6YTtF5B6sfo4FriIBY="></latexit>

=
4000

4000 + 1000
= 0.8

If you flip the coin 5 times, get 4 times head



Maximum Likelihood Estimation
MLE: Choose           that maximizes the probability of observed data

<latexit sha1_base64="G2i0CEPTETUyr2g+gOyVlUoV9gA="></latexit>
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P (D | ✓)
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= argmax
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@ logP (D | ✓)
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= 0

Set derivative to zero
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Bayesian Learning
<latexit sha1_base64="zqc5GP/ttoZvb5GywcSTbbBDqeM="></latexit>

P (✓ | D) =
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P (D)
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argmax
✓

P (✓ | D) = argmax
✓

P (D | ✓)P (✓)

P (D)

<latexit sha1_base64="WB8tpuVCYF6PVdkBXVB+m5xLDXI="></latexit>

= argmax
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P (D | ✓)
<latexit sha1_base64="tc0hUGyO6FZEvsOY/hZ24+eSW2c="></latexit>

P (✓)

likelihood prior

posterior



Bayesian Learning

<latexit sha1_base64="tc0hUGyO6FZEvsOY/hZ24+eSW2c="></latexit>

P (✓)

Beta Distribution

<latexit sha1_base64="o/q7nA1kFJUrtP1EoxUvayZ6agk="></latexit>

⇠ Beta(�H ,�T )
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Beta(↵,�)

prior distribution

<latexit sha1_base64="ZnKe11nqOfjR7pW3xWtes2zCnOk="></latexit>

P (✓) =
✓�H�1(1� ✓)�T�1
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Bayesian Learning

<latexit sha1_base64="tc0hUGyO6FZEvsOY/hZ24+eSW2c="></latexit>

P (✓)
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⇠ Beta(�H ,�T )

prior distribution

<latexit sha1_base64="ZnKe11nqOfjR7pW3xWtes2zCnOk="></latexit>

P (✓) =
✓�H�1(1� ✓)�T�1

B(�H ,�T )

likelihood function
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P (D|✓) = P (↵H ,↵T | ✓) = ✓↵H (1� ✓)↵T

posterior distribution
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P (✓ | D) / ✓↵H+�H�1(1� ✓)↵T+�T�1
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Estimating Parameters
MLE: Maximum Likelihood Estimate, choose         that maximizes the probability of 
observed data

<latexit sha1_base64="G2i0CEPTETUyr2g+gOyVlUoV9gA="></latexit>
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= argmax
✓

P (D | ✓)

MAP: Maximum a Posteriori, choose        that is most probable given 
prior probability and the data
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Recap: Supervised Learning in a Nutshell

inputs/features/covariates/predictors outputs/label/target/response

<latexit sha1_base64="C226ss1N7+Q9zPQuE1iUiWYDI/M="></latexit>

f✓

training objective/loss

model

training dataset



Case Study: Play Golf
Outlook Temperature Humidity Windy Play Golf

0 Rainy Hot High FALSE No
1 Rainy Hot High TRUE No
2 Overcast Hot High FALSE Yes
3 Sunny Mild High FALSE Yes
4 Sunny Cool Normal FALSE Yes
5 Sunny Cool Normal TRUE No
6 Overcast Cool Normal TRUE Yes
7 Rainy Mild High FALSE No
8 Rainy Cool Normal FALSE Yes
9 Sunny Mild Normal FALSE Yes

10 Rainy Mild Normal TRUE Yes
11 Overcast Mild High TRUE Yes
12 Overcast Hot Normal FALSE Yes
13 Sunny Mild High TRUE No



Train / Dev / Test Set

<latexit sha1_base64="BgU0eFgVMOgxPqyUDMnK9Y2KJaM="></latexit>

Dtrain = {(x(n),y(n))}Ntrain
n=1

<latexit sha1_base64="9xnKnJed8wjeWG4uQ+5bowndqvE="></latexit>

Ddev = {(x(n),y(n))}Ndev
n=1

<latexit sha1_base64="gMi2G5sqffFTqasixIiuLzLgBwU="></latexit>

Dtest = {(x(n),y(n))}Ntest
n=1

model selection



Case Study: Play Golf
Outlook Temperature Humidity Windy Play Golf

0 Rainy Hot High FALSE No
1 Rainy Hot High TRUE No
2 Overcast Hot High FALSE Yes
3 Sunny Mild High FALSE Yes
4 Sunny Cool Normal FALSE Yes
5 Sunny Cool Normal TRUE No
6 Overcast Cool Normal TRUE Yes
7 Rainy Mild High FALSE No
8 Rainy Cool Normal FALSE Yes
9 Sunny Mild Normal FALSE Yes

10 Rainy Mild Normal TRUE Yes
11 Overcast Mild High TRUE Yes
12 Overcast Hot Normal FALSE Yes
13 Sunny Mild High TRUE No
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<latexit sha1_base64="z7xGHVGdFAQU9T6ffjxOfqewnak="></latexit>y



Case Study: Play Golf

<latexit sha1_base64="wEnB1yl4kvoHgvY2a4o06Us8d8E="></latexit>x1
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= f( , , , )

{TRUE, FALSE}{High, Normal}{Hot, Mild, Cool}{Rainy, Overcast, Sunny}{Yes, No}

Discrete FeaturesBinary Classification Problem

What’s in our toolbox?



Case Study: Play Golf

<latexit sha1_base64="wEnB1yl4kvoHgvY2a4o06Us8d8E="></latexit>x1
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= f( , , , )

{TRUE, FALSE}{High, Normal}{Hot, Mild, Cool}{Rainy, Overcast, Sunny}{Yes, No}
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y = {0, 1}
<latexit sha1_base64="3HgJG6VD1dwVj3O1A7iv01t5RS4="></latexit>

x1 = {0, 1, 2}
<latexit sha1_base64="bZykKtEPtNsBpr4YxeURQZ2avhY="></latexit>

x2 = {0, 1, 2}
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x3 = {0, 1}
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x4 = {0, 1}

Outlook Temperature Humidity Windy Play Golf
0 Rainy Hot High FALSE No

<latexit sha1_base64="j3A+0ahM8sf08Mly7b0p0djJeHs="></latexit>

(x(i) = (0, 0, 0, 1),y(i) = 1)



Perceptron
<latexit sha1_base64="ycnk335F3ISw1O8qL4QzTACl/KU="></latexit>

f(x;✓) = I(w>x+ b > 0)

<latexit sha1_base64="j3A+0ahM8sf08Mly7b0p0djJeHs="></latexit>

(x(i) = (0, 0, 0, 1),y(i) = 1)Inference / Prediction:
<latexit sha1_base64="gFI7nTJYmnbxo+G2BtFlX7UooSg="></latexit>

✓ = {w = (3,�4, 5,�2), b = 1}

Learning / Training:

<latexit sha1_base64="BgU0eFgVMOgxPqyUDMnK9Y2KJaM="></latexit>

Dtrain = {(x(n),y(n))}Ntrain
n=1

<latexit sha1_base64="l6Bml8wwc4tnTS9kGUfMx3fWZ3A="></latexit>

✓̂
Objective / Loss

Update Rules



Perceptron
<latexit sha1_base64="ycnk335F3ISw1O8qL4QzTACl/KU="></latexit>

f(x;✓) = I(w>x+ b > 0)

<latexit sha1_base64="Z+PvS7U+fum7c35pNvA9PVGl6Pk="></latexit>

wt+1 = wt � ⌘t(ŷ � y)x
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(x(i) = (0, 0, 0, 1),y(i) = 1)
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✓ = {w = (3,�4, 5,�2), b = 1}
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⌘t = 1

<latexit sha1_base64="5Fl1gyGO4a96l4m3oPICywHFdzI="></latexit>

ŷ =



Supervised Learning

Learning / Training:

<latexit sha1_base64="BgU0eFgVMOgxPqyUDMnK9Y2KJaM="></latexit>

Dtrain = {(x(n),y(n))}Ntrain
n=1

<latexit sha1_base64="l6Bml8wwc4tnTS9kGUfMx3fWZ3A="></latexit>

✓̂
Objective / Loss

Model / Function
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y = f(x;✓)



Probabilistic Models

<latexit sha1_base64="BgU0eFgVMOgxPqyUDMnK9Y2KJaM="></latexit>

Dtrain = {(x(n),y(n))}Ntrain
n=1

How does this happen?

They all sampled from a distribution!

<latexit sha1_base64="4N7LhGf3pudrw23ZKEpaD0f3BiU="></latexit>

p(y | x,✓)

<latexit sha1_base64="l3FE3CbsXo0aGxecJyobBrRULzw="></latexit>

p(Dtrain | ✓)

<latexit sha1_base64="ovIFVK+mMZ+a/idGb34mmgn87h0="></latexit>

NtrainY

n=1

p(y(n) | x(n),✓)<latexit sha1_base64="dgq+ZtqPS6N72ahqRtd51k1e9oU="></latexit>=

Objective / Loss

Model / Function

<latexit sha1_base64="l6Bml8wwc4tnTS9kGUfMx3fWZ3A="></latexit>

✓̂Learning / Training



Case Study: Play Golf

<latexit sha1_base64="wEnB1yl4kvoHgvY2a4o06Us8d8E="></latexit>x1
<latexit sha1_base64="mExbyx6pyEYxt/PftXgU/tW6nyU="></latexit>x2

<latexit sha1_base64="u3PuBjuwFPRQbjViq3tk1tDgDrc="></latexit>x3
<latexit sha1_base64="YdK0o+2fZmjVXVJAcYWLoHuQgtg="></latexit>x4

<latexit sha1_base64="z7xGHVGdFAQU9T6ffjxOfqewnak="></latexit>y
<latexit sha1_base64="EQgEwIP9x1rSh/z86e9sZQ3M5So="></latexit>

= f( , , , )

{TRUE, FALSE}{High, Normal}{Hot, Mild, Cool}{Rainy, Overcast, Sunny}{Yes, No}
<latexit sha1_base64="iM6dN61ptyaEqTjQi8vuPz/1JXA="></latexit>

y = {0, 1}
<latexit sha1_base64="3HgJG6VD1dwVj3O1A7iv01t5RS4="></latexit>

x1 = {0, 1, 2}
<latexit sha1_base64="bZykKtEPtNsBpr4YxeURQZ2avhY="></latexit>

x2 = {0, 1, 2}
<latexit sha1_base64="fcQV+VEeCjl6pIgROVjZEy8Gvpk="></latexit>

x3 = {0, 1}
<latexit sha1_base64="gnyRYrL+jadypFH8XwYQKbw7ARw="></latexit>

x4 = {0, 1}

Outlook Temperature Humidity Windy Play Golf
0 Rainy Hot High FALSE No

<latexit sha1_base64="j3A+0ahM8sf08Mly7b0p0djJeHs="></latexit>

(x(i) = (0, 0, 0, 1),y(i) = 1)



Logistic Regression
<latexit sha1_base64="D5SQF4K/SzLi8CvBlhyurQnexTY="></latexit>

p(y | x,✓) = Ber(y|�(w>x+ b))

Inference / Prediction:
<latexit sha1_base64="j3A+0ahM8sf08Mly7b0p0djJeHs="></latexit>

(x(i) = (0, 0, 0, 1),y(i) = 1)
<latexit sha1_base64="gFI7nTJYmnbxo+G2BtFlX7UooSg="></latexit>

✓ = {w = (3,�4, 5,�2), b = 1}

Learning / Training:

<latexit sha1_base64="BgU0eFgVMOgxPqyUDMnK9Y2KJaM="></latexit>

Dtrain = {(x(n),y(n))}Ntrain
n=1

<latexit sha1_base64="l6Bml8wwc4tnTS9kGUfMx3fWZ3A="></latexit>

✓̂

Objective / Loss:
<latexit sha1_base64="l5jFH1zUtJGVVDuqACEg8X6eQp8="></latexit>

p(D | ✓)
<latexit sha1_base64="r4zXvSia0DSQrTPDEZvVK6+u7Zk="></latexit>

argmin
✓

[� logP (D | ✓)]

<latexit sha1_base64="g5/3535D2fTEUQZ0YSv2fDCqKvI="></latexit>

NtrainX

n=1

[(y(n)) log p(y = 1 | x(n),✓) + (1� y(n)) log p(y = 0 | x(n),✓)]

Update rule:
<latexit sha1_base64="HQPnF9W+POxNp7MEQDmbI+NSoKk="></latexit>

wt+1 = wt � ⌘t(�(wtx+ b)� y)x

<latexit sha1_base64="j5UyDD3FCGF+SwNJqx/08NBYIRo="></latexit>�



Probabilistic Language Models
Assign a probability to a sentence

P(“I am going to school”) > P(“I are going to school”) Grammar Checking

P(“我今早喝了⼀些咖啡”) > P(“我今早吃了⼀些咖啡”)

I had some coffee this morning.
Machine translation

Question Answering
P(“Can we put an elephant into the refrigerator? No, we 
can’t.”) > P(“Can we put an elephant into the refrigerator? 
Yes, we can.”)



Probabilistic Language Models
<latexit sha1_base64="T6YJKxgZbiPNKHcUvJJKIN4mkDk="></latexit>

V = {the, dog, laughs, saw, barks, cat, . . .}

A sentence in the language is a sequence of words

<latexit sha1_base64="JjTfKCEWpFLF4alJQ1YjXsSdQiQ="></latexit>x1x2 . . . xn

For example
<latexit sha1_base64="sYZRNCFULVTaZU52Pm6tdw9Z9v4="></latexit>

the dog barks STOP
<latexit sha1_base64="ZHo1rckcPKlhWbqEVwxwu765My0="></latexit>

the cat saw the dog STOP

<latexit sha1_base64="hQw4VtwG/y8Of4vqZBssSYkm5Ho="></latexit>. . .

Definition (Language Mode)
<latexit sha1_base64="pkjqF2e5XRa/ueBZiUuE4I3F61I="></latexit>

1. For any hx1 . . . xni 2 V†, p(x1, x2, . . . xn) � 0

<latexit sha1_base64="InDbXnbqBF45hfZ0kPtmWPeMIVM="></latexit>

2. In addition,
X

hx1...xni2V†

p(x1, x2, . . . xn) = 1
(Hopcroft, Motwani, Ullman)



A (very bad) method for learning a LM

Number of times the sentence                      is seen in the training corpus
<latexit sha1_base64="SrCcKgeISMMIOYMf8AgLRo2KtRg="></latexit>x1 . . . xn

<latexit sha1_base64="z5YmC4Frn9WlqU9KBhVGgv+2LEE="></latexit>

c(x1 . . . xn)

Total number of sentences in the training corpus
<latexit sha1_base64="kajVl7dbtl5uOhSE1k4I8YbmRns="></latexit>

N
<latexit sha1_base64="vF6SS+M1IqIPFXXbvmzBR8cXa0U="></latexit>

p(x1 . . . xn) =
c(x1 . . . xn)

N

Why this is very bad?



Markov Models

Consider a sequence of random variables

The joint probability of a sentence is

<latexit sha1_base64="lUPOQUQ5cu2zTUNAlcjzPDLEp5A="></latexit>

X1, X2, . . . , Xn , each take any value in 
<latexit sha1_base64="28LYOx/PnKKsxefccuPKKgXCIDk="></latexit>

V

<latexit sha1_base64="Q9jv+q40peffEksZUJcm6dyOOmE="></latexit>

P (X1 = x1, X2 = x2, . . . , Xn = xn)
<latexit sha1_base64="Z/GAUVkfGgsWLJrtRYEIh4pRe2g="></latexit>

= P (X1 = x1)
nY

i=2

P (Xi = xi|X1 = x1, . . . , Xi�1 = xi�1)

<latexit sha1_base64="Pbu5gdmduAd8ma9zLPRc4KXAGIw="></latexit>

= P (X1 = x1)
nY

i=2

P (Xi = xi|Xi�1 = xi�1)

First-order Markov Assumption



Trigram Language Models
A trigram language model consists of a finite set        , and a parameter

<latexit sha1_base64="28LYOx/PnKKsxefccuPKKgXCIDk="></latexit>

V
<latexit sha1_base64="8yjLKeBz1cz5TCzc07c7wrx6WvQ="></latexit>

q(w | u, v)

For each trigram              , such that                                   ,                           . 
<latexit sha1_base64="wRTn/D4Y9j58xRUvfoUDZL1gYSc="></latexit>u, v, w

<latexit sha1_base64="GGFAnCouMNgK1WUQCaElh+P1Occ="></latexit>

w 2 V [ {STOP}
<latexit sha1_base64="B2FcvE89syebRbHKZ9trejjtkMI="></latexit>

u, v 2 V [ {*}

can be interpreted as the probability of seeing the word        immediately
<latexit sha1_base64="8yjLKeBz1cz5TCzc07c7wrx6WvQ="></latexit>

q(w | u, v)

after the bigram                .

<latexit sha1_base64="titod1tKiR+s4hoGkYrQpctH0cc="></latexit>w
<latexit sha1_base64="5NBkTyRvVOT3M4Ukl7bb2zGR0cc="></latexit>

(u, v)

For any sentence                  , where  <latexit sha1_base64="5kp6ofCW1ITC2O65Ia+cbROd1wk="></latexit>x1 . . . xn
<latexit sha1_base64="KVcQ5oq2m2AnJVZFTJgj4TLqqF8="></latexit>

xi 2 V for i = 1 . . . (n� 1), and xn = STOP

<latexit sha1_base64="XwcSYxU85xXX4BgquggELpDF2fI="></latexit>

p(x1 . . . xn) =
nY

i=1

q(xi | xi�2, xi�1)

where we define
<latexit sha1_base64="njOLzUDd2H4Wix5LXhUsVpnRgq4="></latexit>

x0 = x�1 = *



Trigram Language Models
For example, for the sentence

the dog barks STOP 
<latexit sha1_base64="AzKRaySlPUG71vuZxR8TZEMC/zM="></latexit>

p(the dog barks STOP) = q(the | *, *)⇥ q(dog | *, the)⇥ q(barks | the, dog)
<latexit sha1_base64="/iM0WMYmDKx1mnI1Jc/BCRtOi0I="></latexit>

⇥q(STOP | dog, barks)

Problem solved? How can we find 

<latexit sha1_base64="8yjLKeBz1cz5TCzc07c7wrx6WvQ="></latexit>

q(w | u, v)

<latexit sha1_base64="8yjLKeBz1cz5TCzc07c7wrx6WvQ="></latexit>

q(w | u, v)

Parameters (of the model)

How many parameters? 

How to “estimate” them from training data?



Trigram Language Models

<latexit sha1_base64="8yjLKeBz1cz5TCzc07c7wrx6WvQ="></latexit>

q(w | u, v)
Parameters (of the model)

How many parameters? How to “estimate” them from training data?

<latexit sha1_base64="ntaz2FR+x7O0AdLGUcp9E5bzV5I="></latexit>

|V|3
<latexit sha1_base64="vihkiBrDTl0gg6HzI4gJorO0s5E="></latexit>

q(w | u, v) = c(u, v, w)

c(u, v)

<latexit sha1_base64="kLVw3DNG2rMQeEMLGQiE2TZ3ar8="></latexit>

q(barks | the, dog) = c(the, dog, barks)

c(the, dog)



Trigram Language Models
How to “estimate” them from training data?

<latexit sha1_base64="vihkiBrDTl0gg6HzI4gJorO0s5E="></latexit>

q(w | u, v) = c(u, v, w)

c(u, v)

<latexit sha1_base64="kLVw3DNG2rMQeEMLGQiE2TZ3ar8="></latexit>

q(barks | the, dog) = c(the, dog, barks)

c(the, dog)

N-gram counts!

Pasta v.s. Hamburger (Google Books Ngram Viewer)



Sparse Data Problems

<latexit sha1_base64="vihkiBrDTl0gg6HzI4gJorO0s5E="></latexit>

q(w | u, v) = c(u, v, w)

c(u, v)

<latexit sha1_base64="kLVw3DNG2rMQeEMLGQiE2TZ3ar8="></latexit>

q(barks | the, dog) = c(the, dog, barks)

c(the, dog)

<latexit sha1_base64="ntaz2FR+x7O0AdLGUcp9E5bzV5I="></latexit>

|V|3 Say vocabulary size is 20000. We have 8 *1012 parameters!!

Maximum likelihood estimate:



Evaluating Language Models: Perplexity

training set 

development (dev) set 
(held-out data) 

test set 
(real product) 

(Fancy) Trigram  
Model 



Evaluating Language Models: Perplexity

the cat laughs STOP 

development (dev) set 
(held-out data) 

We can compute the probability it assigns to the entire 
set of test sentences

the dog laughs at the cat STOP 

<latexit sha1_base64="0fe7h2Jqgl6iXIxn84RhaUx5FME="></latexit>. . .

<latexit sha1_base64="0fe7h2Jqgl6iXIxn84RhaUx5FME="></latexit>. . .

<latexit sha1_base64="3bkLjnZJSqv7fhEYAQd50wvVrMY="></latexit>

x(i)

<latexit sha1_base64="khM7uttmfcFLZNbVLiB82bSdTtc="></latexit>

x(i+1)

<latexit sha1_base64="G2S+oRiRUENT3EXxADCsXu/c3u0="></latexit> mY

i=1

p(x(i))

The                    this quantity is, the better the language model is at 
modeling unseen sentences.

higher



Evaluating Language Models: Perplexity

<latexit sha1_base64="G2S+oRiRUENT3EXxADCsXu/c3u0="></latexit> mY

i=1

p(x(i))

The                    this quantity is, the better the language model is at 
modeling unseen sentences.

higher

Perplexity on the test corpus is derived as a direction transformation of this.
<latexit sha1_base64="ARgVwuuVRYI98YlMsBcGyTJOpe0="></latexit>

ppl = 2�l

<latexit sha1_base64="PaxmXPAqe5oyXdPp/4l56uxnBnQ="></latexit>

l =
1

M

mX

i=1

log2 p(x
(i))

M is the total length of the sentences in the test corpus.

What if the model estimate                              and the trigram appears in the dataset?
<latexit sha1_base64="NinoOw08ip2OYdQ0G5MnHuhBjLs="></latexit>

q(w | u, v) = 0



Wait, why we love this number in the first place?
<latexit sha1_base64="YBTZJafVwa4FwuZu7E40Ah8hrvM="></latexit>

q(w | u, v) = 1/NLet the model predicts

A uniform probability model — The perplexity is equal to the vocabulary size! 

<latexit sha1_base64="PaxmXPAqe5oyXdPp/4l56uxnBnQ="></latexit>

l =
1

M

mX

i=1

log2 p(x
(i))

<latexit sha1_base64="b2Mnh8A8s++PaOh4HE8CHbNqsJg="></latexit>

ppl = 2�l = N

Perplexity can be thought of as the effective vocabulary size under the model! 
For example, the perplexity of the model is 120 (even though the vocabulary 
size is say 10,000), then this is roughly equivalent to having an effective 
vocabulary of 120.

How much your language model updates the uniform guess!
Bayes Factors:  
https://www.youtube.com/watch?v=lG4VkPoG3ko



Smoothing for Language Models
If the model estimate                              and the trigram appears in the test data, 
ppl goes up to infinity.

<latexit sha1_base64="NinoOw08ip2OYdQ0G5MnHuhBjLs="></latexit>

q(w | u, v) = 0

When we have sparse statistics: 
P(w | denied the) 
  3 allegations 
  2 reports 
  1 claims 
  1 request 

  7 total

Steal probability mass to generalize better: 
P(w | denied the) 
  2.5 allegations 
  1.5 reports 
  0.5 claims 
  0.5 request 
  2 other 

  7 total Example from Dan Klein 



Add-one (Laplace) smoothing
Considering a bigram model here, pretend we saw each word one more 
time than we did.

MLE estimate:

Add-one smoothing:

<latexit sha1_base64="pntIBmfj/V1auibwiuV4c2wNzwQ="></latexit>

qMLE(wi|wi�1) =
c(wi�1, wi)

c(wi�1)

<latexit sha1_base64="5Mof2eDW4g/0zJGal1FJyJcTAvM="></latexit>

qLaplace(wi|wi�1) =
c(wi�1, wi) + 1

c(wi�1) + |V|



Linear Interpolation (Stupid Backoff)
Trigram Model, Bigram Model, Unigram Model

<latexit sha1_base64="7Dq3x1HYQcyEX8fMbFZPFbrHHSg="></latexit>

q(wi | wi�2, wi�1) =
c(wi�2, wi�1, wi)

c(wi�2, wi�1)
Trigram maximum-likelihood estimate:

Bigram maximum-likelihood estimate:
<latexit sha1_base64="OOE/XTq0NmXmNcn33gOO4Ov5R58="></latexit>

q(wi | wi�1) =
c(wi�1, wi)

c(wi�1)

Unigram maximum-likelihood estimate:
<latexit sha1_base64="asUR16OJ8X2GfmDKiGO81dIQtu0="></latexit>

q(wi) =
c(wi)

c(·)

Which one suffers from the data sparsity problem the most? 
Which one is more accurate?



Linear Interpolation (Stupid Backoff)
<latexit sha1_base64="D0Szouloi+9adMJekmwHhNBXj9Y="></latexit>

q(wi | wi�2, wi�1) = �1 ⇥ qML(wi | wi�2, wi�1)

+�2 ⇥ qML(wi | wi�1)

+�3 ⇥ qML(wi)

<latexit sha1_base64="PZTm3lH8TUz9HjVGxNdF4PWKlII="></latexit>

where �1 + �2 + �3 = 1, and �i � 0 for all i.

How to choose the value of 
<latexit sha1_base64="Hem9kwR4wW3QuC810Rj0zqqrvQE="></latexit>

�1,�2,�3

Use the held-out corpus

maximize the probability of held-out data.

Hyperparameters



Markov Models in Retrospect

Consider a sequence of random variables

The joint probability of a sentence is

<latexit sha1_base64="lUPOQUQ5cu2zTUNAlcjzPDLEp5A="></latexit>

X1, X2, . . . , Xn , each take any value in 
<latexit sha1_base64="28LYOx/PnKKsxefccuPKKgXCIDk="></latexit>

V

<latexit sha1_base64="Q9jv+q40peffEksZUJcm6dyOOmE="></latexit>

P (X1 = x1, X2 = x2, . . . , Xn = xn)
<latexit sha1_base64="Z/GAUVkfGgsWLJrtRYEIh4pRe2g="></latexit>

= P (X1 = x1)
nY

i=2

P (Xi = xi|X1 = x1, . . . , Xi�1 = xi�1)

<latexit sha1_base64="Pbu5gdmduAd8ma9zLPRc4KXAGIw="></latexit>

= P (X1 = x1)
nY

i=2

P (Xi = xi|Xi�1 = xi�1)

First-order Markov Assumption
<latexit sha1_base64="wj09MYDvCwmHA4HoIqNztJWmQVA="></latexit>

P (Xi = xi|X1 = x1, . . . , Xi�1 = xi�1)

Is it possible to directly model this probability?


